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Magic states were introduced in the context of Clifford circuits as a resource that elevates clas-
sically simulatable computations to quantum universal capability, while maintaining the same gate
set. Here we study magic states in the context of matchgate (MG) circuits, where the notion
becomes more subtle, as MGs are subject to locality constraints and also the SWAP gate is not
available. Nevertheless a similar picture of gate-gadget constructions applies, and we show that
every pure fermionic state which is non–Gaussian, i.e. which cannot be generated by MGs from
a computational basis state, is a magic state for MG computations. This result has significance
for prospective quantum computing implementation in view of the fact that MG circuit evolutions
coincide with the quantum physical evolution of non-interacting fermions.
Introduction:
Exploring the landscape intermediate between classi-
cal and quantum computing is one of the most interest-
ing issues in quantum information science for both theory
and potential implementational impact. It provides the
natural context for the consideration of novel trade-off
possibilities between the individual constituents of the
respective theories, that may then provide new applica-
tions for emerging near-term quantum hardware of likely
limited quantum capability. One fruitful approach in this
direction is to determine the classical simulation com-
plexity of a restricted class of quantum processes (that
may perhaps enjoy some implementational benefit), and
then identify minimal extra resources that would suffice
to regain full universal quantum computing power.
The theory of fermionic linear optics underpins a large
number of important physical systems, such as Gaussian
communication channels [1] and important phenomena
in condensed matter physics [2, 3], including Majorana
fermions in quantum wires [4] and Kitaev’s honeycomb
lattice model [5]. Together with the development of ex-
perimental systems such as cold atoms [6], atoms in op-
tical lattices [7], and quantum dots [8, 9] it is well-suited
for a range of information processing tasks.
Early on, it was shown that the computational capa-
bilities of unassisted fermionic linear optics can be de-
scribed by matchgate circuits (MGCs) and they are en-
tirely classically efficiently simulatable [10–13], the latter
holding also for some extensions of fermionic linear optics
with dissipative processes [14]. Another class of quantum
processes that is classically simulatable is given by Clif-
ford circuits, albeit for different reasons in comparison to
MGCs [15] and indeed the classically simulatable compu-
tational power of MGCs has the neat characterisation of
being equivalent to log-space bounded universal unitary
quantum computation [16].
Determining extra ingredients for Clifford circuits [17,
18] or for MGCs that suffice to regain universal compu-
tational power, can give avenues for testing and boosting
the power of corresponding near-term quantum comput-
ing devices that are based on implementing such gates.
In the case of Clifford circuits a fundamentally impor-
tant such ingredient is the provision of a so-called magic
state [18] i.e. a suitably chosen additional input state
whose availability gives universal computing power while
still using only the same gate set, via introduction of an
associated “gate-gadget” construction.
In this Letter we establish and study the notion of
magic states for MGCs. We will see that this notion be-
comes more subtle in the matchgate context, as match-
gate actions are subject to a locality constraint, and also
the SWAP gate is not available to freely move magic
states into arbitrary positions amongst the qubits. Nev-
ertheless a similar picture of gate-gadget constructions
applies, and our main result will be to show that every
pure fermionic state which is non–Gaussian, i.e. which
cannot be generated by a MGC from a computational ba-
sis state, is a magic state for MGCs. Along the way we
will see that the matchgate locality constraint imposes a
necessary condition that magic states be fermionic states;
and we will give an explicit example of a gate-gadget con-
struction (with associated 4-qubit magic state) for imple-
menting the SWAP gate, which is known to extend the
power of MGCs to full quantum universal power [12].
Preliminaries: The Pauli operators are denoted by
X,Y, Z. For n qubits, the even (resp. odd) parity sub-
space, is the subspace spanned by all computational ba-
sis states containing an even (resp. odd) number of 1’s
i.e. the +1 (resp. −1) eigenspace of the n-qubit op-
eration Z⊗n. An operator is called even if it preserves
the even and odd parity subspaces. A matchgate (MG)
is a two–qubit unitary even operator G(A,B) = A ⊕ B
where A,B ∈ U(2) act on the even and odd parity sub-
spaces respectively and satisfy detA = detB. Whereas
the fermionic SWAP gate, fSWAP = G(Z,X), is a MG,
the SWAP gate, SWAP = G(1, X) is not (as the deter-
minants of the two unitaries do not match). A matchgate
circuit (MGC) is a quantum circuit which comprises MGs
acting only on nearest neighbor (n.n.) lines. Correspond-
ingly, in the following the term MG will always refer to a
nearest neighbor matchgate. The action of any MGC is
always an even operator. It has been shown [10, 12, 20]
that for any MGC, if the input is a computational basis
state and the output is a final computational basis mea-
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2surement on any single qubit, then the output is clas-
sically efficiently simulatable. Moreover, in [16] it has
been shown that MGCs running on n qubits can be com-
pressed into a universal quantum computer running on
O(log(n)) qubits. However, supplementing MGCs with
additional gates, such as the SWAP-gate, makes the cir-
cuits universal for quantum computing [12, 21–23]. This
is analogous to the situation of classically simulatable
Clifford computations being elevated to universal quan-
tum computing power by the inclusion of a non-Clifford
gate such as the T gate.
MGCs have a profound physical significance in that
they correspond exactly to quantum evolutions of so-
called non-interacting fermions [10, 11] i.e. to the evo-
lution of fermionic modes subject to arbitrary Hamilto-
nians that are quadratic in the fermionic creation and
annihilation operators. This correspondence is given ex-
plicitly by the Jordan-Wigner (JW) transformation as we
now summarise. Introducing a creation and an annihila-
tion operator bk, b
†
k for each fermionic mode k = 1, . . . , n
and writing c˜2k−1 = bk+b
†
k, c˜2k = −i(bk−b†k), the canon-
ical anti-commutation relations can be algebraically rep-
resented by the n-qubit JW operators
c2j−1 = Z ⊗ Z ⊗ . . .⊗ Z ⊗Xj ⊗ 1⊗ . . .⊗ 1 (1)
c2j = Z ⊗ Z ⊗ . . .⊗ Z ⊗ Yj ⊗ 1⊗ . . .⊗ 1
and then the JW transformation is the unitary mapping
between the Fock space of n fermionic modes and the
Hilbert space of n qubits whereby a general fermionic
state
|Ψ〉 =
∑
i1...,in∈0,1
αi1...,in(b
†
1)
i1(b†2)
i2 . . . (b†n)
in |Ω〉, (2)
(where |Ω〉 denotes the vacuum state and αi1...,in ∈ C)
is mapped to the n-qubit state
|Ψ〉 =
∑
i1...,in
αi1...,in |i1 . . . in〉. (3)
Thus each fermionic mode corresponds to a qubit with
basis states |0〉, |1〉 labelled by fermion occupation num-
ber. Correspondingly (in view of the boson-fermion su-
perselection rule) an n qubit state |Ψ〉 is called fermionic
if it is an eigenstate of Z⊗n i.e. it is supported entirely
in the even or odd parity subspace.
We will also use the following terminology frequently.
An n-qubit operation W is called Gaussian if it arises
as the action of a MGC (which in turn always corre-
sponds via the JW transformation, to evolution under a
quadratic fermionic Hamiltonian). An n-qubit state |Ψ〉
is called Gaussian if it arises as the action of a Gaussian
operation on a computational basis state. In [1, 24] it has
been shown that a fermionic state is a Gaussian state iff
Λn|Ψ〉⊗2 = 0, where Λn =
∑2n
i=1 ci ⊗ ci. Furthermore,
any even operator R is Gaussian iff [Λn, R
⊗2] = 0 [1].
Also for any n-qubit projection operator P correspond-
ing to projection onto basis state |0〉 or |1〉 for any single
one of the qubits, it holds that [Λn, P
⊗2] = 0.
As MGs can be freely applied in circuits without alter-
ing the classical simulability of the computational out-
put, we call a product of MGs, i.e. a Gaussian unitary
operator, a free or resourceless operation, and introduce a
resourceful gate as one which leads to a universal gate set
if used in conjunction with free operations. Here quan-
tum computational universality may occur in an encoded
sense wherein the logical |0〉, |1〉 states may be repre-
sented by suitably simple multi-qubit states upon which
the free and resourceful gates act to effect logical gates
(e.g. as in [12] where it is shown that n.n. SWAP is a
resourceful gate).
We call two states |φ1〉 and |φ2〉MG–equivalent if there
exists a free operation which transforms |φ1〉|b1〉 into
|φ2〉|b2〉 where |b1〉, |b2〉 are computational basis states.
Clearly MG-equivalence is indeed an equivalence rela-
tion. Free (i.e. Gaussian) operations are always even
operators and the inclusion of computational basis state
ancillas here (which we can think of as “free” states)
allows our notion of MG-equivalence to usefully extend
to apply between some even and odd fermionic states
e.g. |φ1〉 = |00〉+ |11〉 and |φ2〉 = |01〉+ |10〉 being MG-
equivalent via use of ancillas |b1〉 = |0〉, |b2〉 = |1〉 and the
free operation G(X,X) applied on the last two qubits.
Magic states: The notion of magic state has been intro-
duced in the context of Clifford circuits [18] which then
comprise the free operations. While circuits composed
solely of Clifford gates acting on computational basis
state inputs are classically efficiently simulatable, adding
the T gate makes the gate set universal. But instead of
enlarging the gate set, one can alternatively consider al-
lowing more general input states, so-called magic states,
and adaptive measurements. In this way one can realize
a T gate via the so-called T -gadget [18], that consumes
one copy of the magic state |T 〉 = 1/√2 (|0〉+ eipi/4|1〉)
and uses one adaptive measurement in the computational
basis together with only Clifford gates. Let us stress
here that neither copies of the magic state, nor adaptive
measurements in the computational basis by themselves
give rise to universal quantum computation (assuming
quantum is more powerful than classical computing). In-
deed these situations are classically efficiently simulat-
able [25–29]. Stated differently, whereas the availability
of each of these ingredients separately is not resourceful
(the computation remaining classically efficiently simu-
latable), the combination of them is resourceful. As we
will be concerned with adaptive measurements in the
computational basis only, we will from now on simply
call them adaptive measurements.
In generality, we introduce the following natural defi-
nition: if R is a resourceful k-qubit gate for a set of free
operations, we say that an m-qubit state |M〉 is a magic
state for R if
(M1): there is a circuit C of free gates and adaptive mea-
surements such that for any k-qubit state |α〉, C maps
|α〉|M〉 to (R|α〉)|M˜〉 (where |M˜〉 is any state, that may
depend on the intermediate measurement outcomes too.
However, it may not depend on |α〉.)
3Actually we will need a slightly more general version of
(M1) as follows. We will require that for any  > 0, C
(of circuit size O(poly(1/))) acting on |α〉 together with
O(poly(1/)) copies of |M〉, produces R|α〉 with prob-
ability 1 −  (where the probabilistic randomness here
arises from the intermediate measurement outcomes.)
For bounded error computations with input size n we
take  = 1/poly(n), which then maintains efficiency of
the computation.
We wish to develop the theory of magic states for
matchgate computations (so that henceforth free opera-
tions will always be Gaussian operations), but note that
right from the start there are key differences that will
require special care in the MG compared to the Clifford
scenario, necessitating a further condition (M2) as be-
low. For Cliffords, SWAP is a free operation, so any
free (multi-qubit) gate can be placed to act on any (dis-
tant) lines, and magic states can be freely moved to any
position amongst the qubit lines when required or else
placed there at the outset in the initial input state, all
without affecting any action of free gates. But for MGCs
none of these features hold! - MGs can act on n.n. lines
only and SWAP is not a free gate so states cannot gen-
erally be freely moved around amongst the qubit lines.
In particular magic states cannot be freely moved into
the positions needed for their use in implementing a re-
sourceful gate; and nor can they be placed in their needed
positions from the start, as this would partition the cir-
cuit lines into sectors that must then remain independent
under processing by n.n. gates, at least until the magic
state has been suitably disposed of. In view of these fea-
tures, in addition to (M1) we impose a second condition
(M2) on a state |M〉 for it to be a magic state:
(M2): The state |M〉 can be swapped through arbitrary
states via use of free gates only.
Thus as for Clifford circuits, magic states can be pre-
pared prior to the computation and can then be used
whenever and wherever needed.
Note that (M2) trivially holds in the Clifford scenario,
but for MGCs it is a non-trivial condition and it is not
even a priori clear that there exist any states satisfying
both (M1) and (M2). However, an example of such a
state has been identified in [30] in the context of topo-
logical quantum computation. Below we will show that
(M2) requires |M〉 to be a fermionic state (i.e. have defi-
nite parity) and our main result is that, in fact, every
fermionic state that is not Gaussian is a magic state
for MG computations. Note also that in (M2) we re-
quire swapping through arbitrary states rather than just
fermionic ones, as we will generally wish to move |M〉
across some but not all, lines of an ambient fermionic
state and that subset of qubit lines will not generally
have an associated definite parity for the superposition
components.
Magic states for MG computations: To begin our char-
acterisation, we note that magic states for matchgate cir-
cuits cannot be single qubit states nor products of single
qubit states. This follows from the fact that matchgate
circuits remain classically simulatable even if arbitrary
product input states and adaptive measurements in the
computational basis are allowed [31]. In this vein it is
instructive to consider the state |+〉 = 1/√2(|0〉 + |1〉)
which can be used to implement the Hadamard gate H
using only matchgates and adaptive measurements [31].
Note that adding H to the gate set of matchgates gives
a universal gate set (as follows from the fact that H to-
gether with phase gates which, extended by the iden-
tity, are matchgates, allows the implementation of ar-
bitrary single qubit gates). Hence, one might conclude
that supplementing a matchgate circuit with copies of
|+〉 (together with adaptive measurements) allows uni-
versal quantum computation, despite the classical simu-
latability of that situation. However, the reason why |+〉
in fact does not give universal power is that it fails to
satisfy (M2), and is debilitatingly subject to the issues
in our discussion above, motivating the introduction of
(M2) [38].
Lemma 1. A multi-qubit state |ψ〉 on adjacent lines can
be swapped through a neighboring line in an arbitrary
state using free gates iff it is fermionic.
The proof (including specification of allowable swap-
ping processes) is given in Appendix A. Note that the
fact that any magic state must be fermionic then implies
that the resourceful gate which can be implemented uti-
lizing this magic state must be fermionic too, i.e. map
fermionic states to fermionic states. This follows from
the fact that if we start with a fermionic state and apply
(i) any Gaussian unitary (i.e. any sequence of MGs) and
(ii) any subsequent measurement in the computational
basis (which is itself fermionic i.e. all post-measurement
states have definite parity if the pre-measurement state
did), then the result is a fermionic state too. Note further
that any Gaussian state can be generated via a MGC so it
can never be a magic state. Thus, any magic state must
be a fermionic state which is non–Gaussian. The main
result of this paper is to show that in fact any fermionic
state which is non–Gaussian is a magic state for MG
computations (see Theorem 1).
Before presenting our main result we give a simple
explicit example of a 4-qubit magic state, thus also
showing that (M1) and (M2) are not mutually incon-
sistent. Note that the smallest number of qubits that
can be used is 4, as all 2- and 3-qubit fermionic states
are Gaussian [32]. The state |M〉 = |φ+〉13|φ+〉24 =
1/2 (|0000〉+ |0101〉+ |1010〉+ |1111〉)1234 is a magic
state. It is the Choi state corresponding to the SWAP
gate. In fact one copy of this state can be utilized to
deterministically implement the resourceful SWAP gate
using MGs and adaptive measurements in a gadget rem-
iniscent of gate teleportation [33], as shown in Figure 1.
|M〉 is a state on four consecutive qubit lines, where its
uppermost line (qubit 1) and the lowermost line (qubit
4) are the qubits on which the input will be teleported,
and the inner lines, qubits 2 and 3 will carry the output.
After teleporting the input with Bell measurements, the
4swapped input states are available on lines 2 and 3 up
to local Pauli corrections. In contrast to Clifford circuits
where the Pauli correction operators can be postponed
until the end of the computation, here they must be cor-
rected right after the measurement. This can be achieved
with the help of an auxiliary line and using MGs solely
- one can compensate the Pauli corrections and thus de-
terministically implement the SWAP gate. Note that in
this SWAP -gadget, σz ⊗ I and σx ⊗ σx are MGs (but
e.g. σx ⊗ I is not a MG). Note further that the required
Bell measurements can be realized by two local computa-
tional basis measurements preceded by the MG G(H,H)
as shown in the inset of Figure 1. |M〉 hence fulfills (M1)
for R = SWAP . Moreover, |M〉 is a fermionic state and
hence (by Lemma 1) fulfills (M2) (see Figure 2). As in
the case of Clifford circuits, neither the magic state it-
self (and copies thereof), nor the adaptive measurement
alone results in a circuit which is no longer classically
simulatable [34]; it is only the combination of both that
makes them resourceful.
|ψ〉
Bell
• •
σz
σx ⊗ σx
|φ〉
σz
σx ⊗ σx
|ψ〉
Bell
•

|M〉
|φ〉
|0〉 |0〉/|1〉
Bell ≡
0/1
G(H,H)
0/1
FIG. 1. The SWAP -gadget deterministically implements
a SWAP gate with the help of the magic state |M〉 =
|φ+〉13|φ+〉24. Inset: the Bell measurements can be imple-
mented by G(H,H) followed by single qubit measurements in
the computational basis.
Clearly any state which is MG–equivalent to |M〉 is
a magic state too. A particularly useful MG–equivalent
state is the |GHZ4〉 state. It has the property that the
first (last) two qubits can be fermionically swapped to
arbitrary positions in the circuits, respectively. Hence, a
SWAP gate between distant qubits can be realized by
consuming only a single copy of the magic state, instead
of O(n) copies of the state |M〉. In these examples the re-
sourceful gate is implemented deterministically consum-
ing one copy of the magic state. Relaxing this condition
slightly, as in our statement of (M1), leads to the follow-
ing lemma, which is proven in Appendix B.
Lemma 2. |ψφ〉 = 1/2(|0000〉 + |0011〉 + |1100〉 +
eiφ|1111〉) is a magic state for matchgate circuits for all
φ ∈ (0, 2pi). The resourceful controlled-φ-phase gate can
be realized with arbitrary high success probability 1 − 
( > 0) by consuming O(poly(1/)) copies of the state
|ψφ〉.
-1
FIG. 2. Non-fermionic states do not satisfy (M2). Swapping
them through other lines with e.g. fSWAP , a relative phase
(-1) is picked up. The state |M〉 satisfies (M2), thus it can
be swapped through arbitrary states via free operations. It
moreover satisfies (M1), i.e., it allows implementation of a re-
sourceful operation, here the SWAP -gate. As a main result of
this article we show that actually all non-Gaussian fermionic
states can be swapped through arbitrary states via free oper-
ations and moreover allow the implementation of resourceful
gates.
Next we show that any entangled 4–qubit fermionic
state which is non–Gaussian is MG–equivalent to |ψφ〉
for some φ ∈ (0, 2pi). Hence any entangled 4–qubit
fermionic state which is non–Gaussian is magic. We show
this by constructing an explicit MGC of depth three,
which transforms any given 4–qubit fermionic state into
a state of the form |ψφ〉. The construction is given in
Appendix B.
Finally we use the above result to prove the main result
of the paper:
Theorem 1. Any pure fermionic state which is non–
Gaussian is a magic state for matchgate computations.
Recall that a Gaussian state can be generated from a
computational basis state via a MGC, so it can never be
a magic state. Furthermore, we have seen already that
(M2) implies that any magic state must be fermionic.
Hence Theorem 1 shows that the largest set of pos-
sible states is indeed magic. We outline the idea of
the proof of Theorem 1 here, and full details are given
in Appendix B. The proof is by induction. As shown
above, any k-qubit fermionic state for k = 4 which is
non–Gaussian is a magic state. Assume that the state-
ment holds for some k ≥ 4 and let |Ψ〉 be a (k + 1)-
qubit fermionic, non-Gaussian state. We show that any
such state can be transformed via Gaussian unitaries and
measurements into a k–partite fermionic, non–Gaussian
state. This can be seen as follows. Let P jb for b ∈ {0, 1}
denote the projector onto the state |b〉 of qubit j. As
|Ψ〉 is non–Gaussian, it holds that Λk+1|Ψ〉⊗2 6= 0. It
can then be shown that for any such state there ex-
ists a qubit j and a bit value b ∈ {0, 1} such that ei-
ther P jb |Ψ〉 = |b〉|Ψk〉 is non-Gaussian, or else one of
P jbGj,j+1(H,H)|Ψ〉 = |b〉|Φk〉 or P j+1b Gj,j+1(H,H)|Ψ〉 =|b〉|Φk〉 is non–Gaussian. Hence by choosing the cor-
rect option, we obtain a k-qubit fermionic, non–Gaussian
5state i.e. a k-qubit magic state, from |Ψ〉, which proves
the statement. It should be noted here that the k–partite
magic state, obtained as a choice of post-measurement
state, is not obtained deterministically. However, the
success probability is independent of the width of the cir-
cuit in which it is to be subsequently used to implement
a resourceful gate.
In summary, we have shown that the set of magic states
for MG computation coincides with the set of fermionic
non–Gaussian states. Our work raises a natural ques-
tion about whether one can use this result in the setting
where MG circuits can be compressed into exponentially
smaller quantum computations [16]. Another interesting
direction is to study whether the decomposition of a uni-
versal quantum computation into classically simulatable
parts and gadgets using magic states might lead to the
development of novel verification schemes for quantum
processes, much in the spirit of [35].
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operations.
6Appendix A: Proof of Lemma 1
We first note two useful facts:
(F1): |0〉 or |1〉 can be freely swapped to any position
within any k-qubit state using fSWAP = G(Z,X) or
G(−Z,X) respectively.
(F2): any two computational basis states on n qubits
of the same parity are MG-equivalent (with no ancillas
needed) since G(X,X) is X ⊗ X so we can change the
number of |1〉’s by 0, ±2, and we can freely reorder the
qubits, by (F1).
Lemma 1. A multi-qubit state |ψ〉 on adjacent lines
can be swapped through a neighboring line in an arbitrary
state using free gates iff it is fermionic.
Proof. For the “if” part: suppose that |ψ〉 of k qubits,
is fermionic and let us first consider swapping |ψ〉 across
a line A in pure state α|0〉 + β|1〉. If |ψ〉 is even (i.e.,
supported entirely in the even subspace) then use of
k fSWAP = G(Z,X) gates each on line A and the
neighboring line of |ψ〉, will achieve the desired swap-
ping while the amplitude β undergoes an even number of
sign changes during the process (as fSWAP maps |1〉|1〉
to −|1〉|1〉, |0〉|1〉 to |1〉|0〉, |1〉|0〉 to |0〉|1〉, and |0〉|0〉 to
|0〉|0〉), so at the end the final state of A is left unchanged.
If |ψ〉 is odd, then we adjoin an ancilla qubit |1〉 to pro-
duce the even (k + 1)-qubit fermionic state |ψ〉|1〉 (e.g.
by (F1) we can swap |1〉 in from a fringe position using
G(−Z,X) gates) and then proceed as above with k + 1
G(Z,X) gates. Finally using G(−Z,X)’s again, we re-
move the ancilla |1〉 back out to a fringe position. For
the general case of line A possibly being entangled with
other lines, the situation is as above except that now the
amplitudes α and β are vectors in another Hilbert space,
and the process still proceeds just as above, now with the
vector |β〉 changing sign an even number of times.
Let us now prove the “only if” part: suppose that |ψ〉 is
any k qubit state. We will see that it suffices to consider
the case that the line A over which it is to be swapped,
is in a pure state, as this will already require that |ψ〉 be
fermionic. Let us denote the 1-qubit pure state of A by
|A〉. Note that the operation that accomplishes swapping
of |ψ〉 with |A〉 need not necessarily be a sequence of
G(Z,X)’s and G(−Z,X)’s but can be a most general
Gaussian unitary U , which may depend on |ψ〉 but not
on |A〉; indeed U must achieve swapping for all choices
of |A〉. Moreover we may also have availability of an
ancilla |b〉 like |1〉 above for the odd fermionic case. It
must be able to be freely moved in so for example, by
(F1), |b〉 could be a computational basis state. However
our argument below applies to |b〉 being any state and
we will not need to impose the condition that it can be
freely moved.
Let us now assume such a Gaussian unitary U exists.
Then it must hold that
U |A〉|ψ〉|b〉 = |ψ〉|A〉|ξ〉 for all |A〉, (A1)
where |b〉 is an ancilla state of say m qubits, and |ξ〉 is the
final state of these ancilla qubits. Both |b〉 and |ξ〉 may
depend on |ψ〉 but not on |A〉. It will also be necessary
for |ξ〉 to be able to be moved out without disturbing
the ambient state, but again, even without imposing this
condition we will see that the above process will already
require |ψ〉 to be fermionic.
To start, introduce
|Υ0〉 = |0〉|ψ〉|b〉 and (A2)
|Υ1〉 = |1〉|ψ〉|b〉. (A3)
Then eq. (A1) is equivalent to
U |Υ0〉 = |ψ〉|0〉|ξ〉 and (A4)
U |Υ1〉 = |ψ〉|1〉|ξ〉. (A5)
As U is Gaussian, it must hold that [Λ1+k+m, U⊗U ] = 0,
which is equivalent to
2(1+k+m)∑
i=1
(U† ⊗ U†)(ci ⊗ ci)(U ⊗ U) =
2(1+k+m)∑
i=1
ci ⊗ ci.
(A6)
Recall that the JW operators for 1+k+m qubits have
the product Pauli form cl = Z⊗ . . .⊗Z⊗P ⊗1⊗ . . .⊗1
where P in position j (for j = 1, . . . , 1 + k+m) is either
X (for l = 2j−1) or Y (for l = 2j), and crucially here, Z
and I have zero off-diagonal entries while X and Y have
non-zero entries.
Let us now apply each side of eq. (A6) to |Υ0〉 ⊗ |Υ1〉
and take inner product with |Υ1〉 ⊗ |Υ0〉 (i.e. apply the
corresponding bra vector from the left to eq. (A6)). Note
that eqs. (A4, A5) are then relevant for evaluating the
LHS of eq. (A6). Because of the off-diagonal properties
above and positions of Z and I Pauli’s in the JW oper-
ators, in the sum on the RHS of Eq. (A6), only terms
with i ∈ {1, 2} survive, while on the LHS only terms with
i ∈ {2k + 1, 2k + 2} survive, and we get
2〈ψ|Z⊗k|ψ〉2〈b|b〉2 = 2〈ψ|ψ〉2〈ξ|ξ〉2, (A7)
so that 〈ψ|Z⊗k|ψ〉 = ±1 i.e. |ψ〉 must be fermionic.
Appendix B: Proof of Theorem 1
We first show that any state |ψφ〉 = 1/2(|0000〉 +
|0011〉 + |1100〉 + eiφ|1111〉) with φ ∈ (0, 2pi) is a magic
state (cf Lemma 2 in the main text). We then show
Lemma 3, which states that any fermionic non–Gaussian
4-qubit state is MG–equivalent to one of the above men-
tioned states. Finally we prove the main result of the pa-
per, by showing that any fermionic non–Gaussian state
can be projected via free operations (i.e. MGs and mea-
surements in the computational basis) onto a fermionic
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achieved as a post-measurement state of a measurement
with success probability being independent of the width
of the ambient circuit in which it is applied.
Lemma 2. |ψφ〉 = 1/2(|0000〉 + |0011〉 + |1100〉 +
eiφ|1111〉) is a magic state for matchgate circuits for all
φ ∈ (0, 2pi). The resourceful controlled-φ-phase gate can
be realized with arbitrary high success probability 1 − 
( > 0) by consuming O(poly(1/)) copies of the state
|ψφ〉.
Proof. The state |ψφ〉 is fermionic and thus satisfies (M2)
according to Lemma 1. Let us now show that the state
moreover satisfies condition (M1). To this end, note that
a controlled-φ-phase gate Cφ is indeed resourceful for φ ∈
(0, 2pi) in the sense that together with nearest-neighbor
matchgates it forms a universal gate set [21]. We will
show that |ψφ〉 satisfies (M1) in two steps, reminiscent of
an idea used in [36]. First, we will show that one copy of
|ψφ〉 allows to probabilistically implement either Cφ, or
C−φ, with respective probabilities of 1/2, at any desired
place in the circuit. In a second step we show that for all
 > 0, O(poly(1/)) many copies of |ψφ〉 suffice in order
to implement the desired phase gate with a probability
of success of at least 1− , as required in (M1).
Utilizing the same gadget as in Figure 1 inputting |ψφ〉
instead of |M〉, one successfully implements Cφ in case
the outcomes of both Bell measurements are |φ+〉, as
|ψφ〉 is the Choi–Jamio lkowski state corresponding to
Cφ. Although the gate in question is not Clifford un-
less φ = pi, let us nevertheless implement the Pauli cor-
rections as in Figure 1. While Z commutes with Cφ,
(Xi ⊗Xj)Cφ(Xi ⊗Xj) permutes the diagonal entries of
Cφ. Nevertheless, local ±φ-phase gates (extended by the
identity) are matchgates, and can be adaptively applied
in order to successfully implement Cφ in case an even
number of X corrections was necessary. Otherwise the
gate C−φ was realized. All measurement outcomes are
equally likely, hence we have implemented Cφ or C−φ
with probabilities of 1/2, respectively.
As shown in [36], this allows to make the gate imple-
mentation successful with an arbitrarily high probabil-
ity. Indeed, in case C−φ has been implemented instead
of Cφ, the gate implementation can be repeated using
|ψ2φ〉. With probability 1/2, overall the gate Cφ is im-
plemented. In case of failure, C−3φ is implemented. It-
erating this process L times, Cφ is implemented with a
probability 1− 1/2L. We consider now a protocol which
uses up to L iterations and halts. This procedure, how-
ever, not only requires to (probabilistically) implement
Cφ, but also controlled-phase gates for multiples of the
desired phase C2kφ for k ∈ N. The required states |ψ2kφ〉
can be probabilistically created using copies of |ψφ〉 as
explained in the following. Iteratively using a copy of
|ψ2j−1φ〉 in order to implement C2j−1φ on another copy
of |ψ2j−1φ〉 yields |ψ2jφ〉 with probability 1/2. Note that
here, in case of failure, there is no necessity to correct
the failure, instead one can simply discard the failure
states and try again with additional copies of |ψφ〉. As
the procedure of generating |ψ2kφ〉 is probabilistic itself,
the overall strategy of implementing Cφ has two possible
sources of failure. First, one might fail in implementing
Cφ in any of the L rounds and, second, one might be un-
lucky in generating the states |ψ2kφ〉 leading to a resource
consumption that is too high.
Let us now, however, show that the procedure above
implements Cφ with a sufficiently large probability and a
sufficiently small number of resource states |ψφ〉. To this
end, we now analyze the average resource consumption
of the process. Let M denote the random variable of
consumed copies of |ψφ〉 in the described overall process
of implementing Cφ and let R denote the random variable
counting the required rounds. Then
E(M) =
∞∑
m=0
m p(m) =
∞∑
m=0
m
L∑
r=1
p(r)p(m|r) (B1)
=
L∑
r=1
p(r)
∞∑
m=0
m p(m|r)︸ ︷︷ ︸
Er(M)
, (B2)
where E(M) denotes the expectation value of M , p(m|r)
is the conditional probability of requiring m copies of the
magic state given r rounds are required, and Er(M) is
the conditional expectation value of M given r rounds
are required. The average cost of generating a copy of
|ψ2kφ〉 is 4k copies of |ψφ〉. Hence, Er(M) =
∑r
k=1 4
k−1.
Moreover, p(r) =
{
1/2r, if 1 ≤ r < L
1/2L−1, if r = L
. With this, a
short calculation shows that E(M) = 2L − 1.
Let us now choose L = log 2/ leading to a probability
of 1− /2 of not requiring more than L rounds. The ex-
pected resource consumption is then E(M) = 2/− 1 ≈
2/. Markov’s inequality, which gives a bound on the
probability that a positive random variable takes values
larger than a multiple of its expectation value, can be in-
voked to see that a supply of 4/2 copies of |ψφ〉 suffices
with a probability of at least 1−/2. Hence, the probabil-
ity of successfully implementing Cφ consuming no more
than 4/2 copies of |ψφ〉 is at least 1− . This shows that
|ψφ〉 satisfies (M1) and completes the proof.
We remark that a proof of an approximate version of
Lemma 2 can be obtained from the theory of random
walk hitting times. The process in the second para-
graph of the proof above (implementing either Cφ or
C−φ with probabilities half) if simply iterated, amounts
to a random walk on the circle of φ values, stepping
left or right by angle φ in each step while consuming
a single copy of |ψφ〉. Then one may argue [37] that for
any  > 0, O(poly(1/)) steps will suffice to hit a value
φ˜ ∈ (φ− , φ+ ) with probability 1− , thereby resulting
in implementation of a gate Cφ˜ with ||Cφ˜ − Cφ|| < .
Let us remark here, that the magic states that we have
considered before, in particular |M〉, are equivalent to
8|ψφ〉 with φ = pi up to transformation by matchgates.
Together with the following lemma, Lemma 2 shows that
every non-Gaussian, fermionic four-qubit state serves as
a magic state in matchgate circuits.
Lemma 3. Any fermionic four-qubit state |ψ〉 is MG-
equivalent to |ψφ〉 = 1/2(|0000〉 + |0011〉 + |1100〉 +
eiφ|1111〉) for some φ ∈ [0, 2pi].
Proof. First note that any odd fermionic four-qubit state
can be turned into an even fermionic four-qubit state
by applying G(X,X) = X ⊗ X to one of its qubits
and an ancillary |0〉 state, so we can assume that |ψ〉
is even. Defining |e0〉 = |00〉, |e1〉 = |11〉, |d0〉 =
|01〉, and |d1〉 = |10〉, an arbitrary even fermionic four-
qubit state |ψ〉 can be written as |ψe〉 + |ψd〉 for un-
normalized |ψe〉 ∈ span{|e0e0〉, |e0e1〉, |e1e0〉, |e1e1〉} (e-
subspace) and |ψd〉 ∈ span{|d0d0〉, |d0d1〉, |d1d0〉, |d1d1〉}
(d-subspace). We will now prove the lemma by construct-
ing a depth-3 matchgate circuit that transforms |ψ〉 into
the desired form, |ψφ〉, for some φ ∈ [0, 2pi].
A matchgate G(A,B), with detA = detB, either on
lines 1 and 2, or on lines 3 and 4 applies the unitary A
(B) to the subspace spanned by {|e0〉, |e1〉} ({|d0〉, |d1〉}),
respectively. If one wished to apply an arbitrary unitary
A on the {|e0〉, |e1〉} subspace, one can achieve this by
applying G(A, eiξ/21), where eiξ = detA, which applies
the desired unitary A on the e-subspace, and only an
overall phase on the d-subspace. Simliarly, G(eiη/21, B)
can be used to implement any unitary B with eiη = detB
on the d-subspace. This allows us to bring the state |ψ〉
into the form
|ψ′〉 = p|e0e0〉+ q|e1e1〉+ r|d0d0〉+ s|d1d1〉 (B3)
via matchgates G(A12, e
iξ12/21) ⊗ G(A34, eiξ34/21), fol-
lowed by G(eiη12/2, B12) ⊗ G(eiη34/2, B34) that bring
the e-subspace and the d-subspace independently into
Schmidt-form. Note also that this is a depth-1 circuit.
Moreover, as fSWAP2,3 maps |d0d0〉 = |0101〉 to
|0011〉 = |e0e1〉, |d1d1〉 to |e1e0〉 and |ejej〉 to (−1)j |ejej〉,
we see that applying fSWAP2,3 brings the state |ψ′〉 into
the form
|ψ′′〉 = p|e0e0〉+ q′|e0e1〉+ r′|e1e0〉+ s′|e1e1〉, (B4)
which is supported on the e-subspace solely, as is the
target state |ψφ〉.
Note that in the e0/e1-encoding, the Schmidt coeffi-
cients of the state |ψφ〉 are λ1,2 = 12 ± 12 cos(φ/2). Thus,
varying the angle φ, all possible Schmidt values are cov-
ered. Hence, for all possible |ψ′′〉, there exists a |ψφ〉
having the same Schmidt values. We now use the fact,
that two bipartite states are interconvertible into each
other by local unitaries iff they have the same Schmidt
coefficients. It implies that there always exists a pair
of matchgates G(A′12, e
iξ′12/21) ⊗ G(A′34, eiξ
′
34/21) which
brings |ψ′′〉 into the form |ψφ〉 for some φ ∈ [0, 2pi] de-
pending on the Schmidt values of |ψ′′〉.
Concatenating the three steps, we see that any even
fermionic state |ψ〉 can be transformed into some |ψφ〉 by
a depth-3 matchgate circuit, completing the proof of the
lemma.
Let us remark here that |ψφ〉 is Gaussian iff φ = 0 and
the above lemmas have established that all non-Gaussian
fermionic 4-qubit states are magic state for matchgate
computations. Finally in the following, we show that
actually all non-Gaussian fermionic k-qubit states are
magic states for any k ≥ 4.
Theorem 1. Any pure fermionic state which is non–
Gaussian is a magic state for matchgate computations.
Proof. Having established that every fermionic non-
Gaussian 4-qubit state is a magic state, we will prove the
theorem inductively by showing that any non-Gaussian
fermionic k-qubit state |ψ〉 with k ≥ 5 can be trans-
formed into a fermionic non-Gaussian (k−1)-qubit state
by matchgates and adaptive measurements in the compu-
tational basis, which then (by reducing k to 4) will imply
that |ψ〉 is a magic state. Our procedure for obtaining a
non-Gaussian state on fewer qubits will be probabilistic.
However, as the considered k-qubit states |ψ〉 do not de-
pend on the circuit size n, the probability of success can
be made arbitrarily close to 1 by repeating the procedure
a number of times that does not depend on n.
To this end we make use of the operator Λk =∑2k
i=1 ci⊗ ci defined on two copies of the original Hilbert
space. As mentioned above, an operator X on k qubits
is Gaussian iff
[
Λk, X
⊗2] = 0 [1]. Moreover, a fermionic
k-qubit state |φ〉 is Gaussian iff Λk|φ〉⊗2 = 0 [24].
Note that in particular, Λk|ψ〉⊗2 6= 0, as |ψ〉 is non-
Gaussian,
[
Λ, U⊗2MG
]
= 0, where UMG is any nearest-
neighbor matchgate acting on parties i and i + 1 on
both copies, and
[
Λ,
(
P
(i)
b
)⊗2]
= 0, where P
(i)
b =
1 ⊗ . . . ⊗ 1 ⊗ |b〉〈b| ⊗ 1 ⊗ . . . ⊗ 1, b ∈ {0, 1}, and the
projector onto |b〉 is acting on party i ∈ {1, . . . , k}.
Abbreviating
|v〉 = Λk|ψ〉⊗2, (B5)
we distinguish now the following two cases. In case 1,
there exists some j ∈ {1, . . . , k} and b ∈ {0, 1} such that(
P
(j)
b
)⊗2
|v〉 6= 0, while in case 2,
(
P
(j)
b
)⊗2
|v〉 = 0 for
all j ∈ {1, . . . , k} and b ∈ {0, 1}. We will now show
that it is possible to transform |ψ〉 into a non-Gaussian
(k − 1)-qubit state in both cases.
In case 1, we have that
(
P
(j)
b
)⊗2
|v〉 =
Λk
(
P
(j)
b
)⊗2
|ψ〉⊗2 6= 0, for some j and b. Hence,
there exists some j such that when measuring qubit
j in the computational basis, at least one of the two
possible outcomes, outcome b, yields a non-Gaussian
state (with non-vanishing probability). Qubit j of that
state separates from the remaining qubits and is in state
|b〉. As such, we can discard (swap away) line j in order
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qubits.
Let us now discuss case 2, which is a little more in-
volved. In this case, |v〉 takes the form
|v〉 =
∑
i∈{0,1}k
λi|i〉|¬i〉, (B6)
with some coefficients λi ∈ C, where ¬i denotes bit-wise
negation of i. (The state |v〉 is actually symmetric
under exchanging the first k with the last k qubits,
hence, λi = λ¬i but we will not utilize that sym-
metry). Note that in this case it is not possible to
directly measure any of the qubits in the computa-
tional basis in order to obtain a non-Gaussian state
on fewer qubits. However, we will show that the task
can nevertheless be achieved by transforming |ψ〉 by
a single matchgate G(H,H) prior to measuring one
of the qubits. Let us distinguish the following two
subcases. In subcase 2a, there exists j ∈ {1, . . . , k − 1},
b ∈ {0, 1} such that either
(
P
(j)
b G(H,H)j,j+1
)⊗2
|v〉 6= 0
or
(
P
(j+1)
b G(H,H)j,j+1
)⊗2
|v〉 6= 0. In sub-
case 2b,
(
P
(j)
b G(H,H)j,j+1
)⊗2
|v〉 = 0 and(
P
(j+1)
b G(H,H)j,j+1
)⊗2
|v〉 = 0 for all j and b. In
case 2a it is possible to obtain a non-Gaussian, fermionic
state on k − 1 qubits by applying G(H,H)j,j+1 onto |ψ〉
and then following the same procedure as in case 1. Let
us now complete the proof of the theorem by showing
that case 2b cannot occur. To do so, let us first rewrite
the vector |v〉 as
|v〉 =
∑
i∈{0,1}k−2
λ00i|00i〉|11¬i〉+ λ01i|01i〉|10¬i〉
+ λ10i|10i〉|01¬i〉+ λ11i|11i〉|00¬i〉.
(B7)
As G(H,H) transforms the computational basis into the
Bell basis, we have
G(H,H)⊗21,2|v〉 =
1/2
∑
i∈{0,1}k−2
|00i〉|00¬i〉(λ00i + λ11i)
+|11i〉|11¬i〉(−λ00i − λ11i)
+|00i〉|11¬i〉(−λ00i + λ11i)
+|11i〉|00¬i〉(λ00i − λ11i)
+|01i〉|01¬i〉(λ01i + λ10i)
+|10i〉|10¬i〉(−λ01i − λ10i)
+|01i〉|10¬i〉(−λ01i + λ10i)
+|10i〉|01¬i〉(λ01i − λ10i) (B8)
Due to the assumption that every
(
P
(1)
b
)⊗2
or
(
P
(2)
b
)⊗2
maps G(H,H)⊗21,2|v〉 to zero, |v〉 must obey the equations
λ00i = −λ11i, λ01i = −λ10i ∀i ∈ {0, 1}k−2. (B9)
More generally, considering G(H,H) acting on qubits
j, j + 1, one obtains that |v〉 must obey λi =
−λi1,...,ij−1,¬ij ,¬ij+1,ij+2,...,ik for all i ∈ {0, 1}k and j ∈
{1, . . . , k − 1}. We will now show that such a |v〉 can-
not stem from a |ψ〉 as in Eq. (B5). To do so, we
make use of the fact that for operators A, B, and states
|χ〉, |ψ〉, and |φ〉, it holds that A ⊗ B|χ〉|ξ〉 = |φ〉 iff
A|χ〉〈ξ∗|BT = ∑φi,j |i〉〈j|. Hence, Eq. (B5) is equiva-
lent to
2k∑
l=1
cl|ψ〉〈ψ∗|cTl = v. (B10)
Here, v is an anti-diagonal matrix with entries λi on its
anti-diagonal. According to the assumption v 6= 0 and
due to the restrictions on the λi as in Eq. (B9), at least
2k−1 entries of v are non-vanishing, which implies that
the rank of the matrix v is at least 2k−1. However, the
rank of the matrix on the left hand side of Eq. (B10) is
at most 2k leading to a contradiction if k ≥ 5, which is
the case. This proves that case 2b cannot occur. This
completes the proof as in the other cases it is possible to
obtain a non-Gaussian, fermionic state on k − 1 qubits.
Let us remark here, that case 2b in the proof of The-
orem 1, which cannot occur in case k ≥ 5, indeed occurs
if k = 4. In this case, the rank of v equals 8. This is
in line with the fact that all fermionic three-qubit states
are Gaussian and hence it cannot be possible to trans-
form a non-Gaussian four-qubit state to a non-Gaussian
three-qubit state.
